The Higgs branch of N = 2 supersymmetric gauge theories with non-Abelian gauge groups are described by hyper-Kähler (HK) nonlinear sigma models with potential terms.
§1. Introduction
Possibilities of large extra dimensions 1), 2) have renewed the interest in field theories in higher dimensions. In this brane-world scenario, our four-dimensional world is to be realized on an extended topological defect such as a wall (brane). Supersymmetry (SUSY) has been an extremely useful principle for building unified models beyond the standard model. 3) In SUSY theories, the topological defects can often be obtained as BPS states, 4) which preserve part of the SUSY. 5) The BPS states play important role in exploring nonperturbative effects in SUSY gauge theories. 6) The Higgs branch of the SUSY gauge theories can often be described by SUSY nonlinear sigma models. 7), 8) In turn, these SUSY nonlinear sigma models are useful to obtain the topological defects such as domain walls and flux tubes. 9), 10) Supersymmetric theories in dimensions higher than four requires at least eight supercharges. The scalar and spinor matter fields can be described by means of hypermultiplets in theories with eight SUSY. Recently we formulated 1 2 single-BPS domain walls in an eight SUSY model in four dimensions. 11) Moreover we have also succeeded in constructing the 1 2 BPS wall 12) and BPS multi-walls 13) consistently in five-dimensional supergravity. Before discussing the SUSY five-dimensional theories, it is useful to consider models with eight SUSY in four dimensions without gravity.
Theories with eight SUSY are so restrictive that the nontrivial interactions require the nonlinearity of kinetic term (nonlinear sigma model) if there are only hypermultiplets. Target manifolds of the SUSY nonlinear sigma models with eight SUSY must be hyper-Kähler (HK) manifolds. 14), 15) To obtain a wall solution, we need to have a nontrivial potential. A potential term for any HK sigma model is severely restricted by eight SUSY. 16) It can be written by the square of the triholomorphic Killing vector in the on-shell formulation and can be understood by the Scherk-Schwarz reduction 17) from six-dimensions. 18) These models are called massive HK nonlinear sigma models. On the other hand, in two dimensions, N = 2 SUSY (four SUSY) sigma models can have a similar potential term 16) besides the potential derivable from the superpotential and can be constructed off-shell in the superfield formalism, 19) and solitons in such models were discussed in. 20) Off-shell formulation of N = 2 massive HK sigma models in four dimensions were given recently. 11) An exact BPS solution of wall junction was also constructed recently in an N = 2 theory with hypermultiplets and a vector multiplet. 21) A large class of HK manifold is given by toric HK manifolds that are defined as HK manifolds of real dimension 4n admitting mutually commuting n Abelian tri-holomorphic isometries. 22)- 25) In Ref., 26) the massive HK sigma model on any toric HK manifold was given in the component formalism in four-dimensional spacetime. The solution of the N parallel domain walls was found for T * CP N −1 , which is a toric HK manifold, and its moduli space was constructed. 27) For this massive T * CP N −1 model, the dynamics of the walls were discussed 28) and calculation of the number of zero modes using the index theorem was given. 29) Off shell formulation of the massive T * CP N −1 model in four-dimensional spacetime was given using either N = 1 superfields or N = 2 superfields in harmonic superspace formalism (HSF). 11) Other interesting solitons like string ending on a wall, walls intersection and string intersection solutions were also considered in the toric HK nonlinear sigma models. 26 
), 30)-33)
The potential term of the massive T * CP N −1 model comes from the mass terms of the hypermultiplets when the nonlinear sigma model is constructed as the quotient by the U (1) gauge group. 11), 28) We call this formulation of massive HK sigma models as "the massive HK quotient method", since massless case is just a HK quotient found in Refs. 22) , 35) One of the advantages of our massive HK quotient is that the off-shell formulation of the SUSY nonlinear sigma models is possible. 11) Off-shell formulation is powerful to extend the models to those with other isometries and/or gauge symmetries and to those coupled with gravity, since (part of) SUSY is manifest. Any toric HK manifold can be constructed using an Abelian HK quotient. 24), 25) Therefore an off-shell formulation of general massive toric HK sigma models 26) can be obtained using the massive HK quotient with the Abelian gauge theories. On the other hand, a massless HK nonlinear sigma model other than the toric HK target manifolds has been obtained as a quotient using non-Abelian gauge group by Lindström and Roček 22) for massless case only (without potential terms).
The purpose of this paper is to investigate massive HK sigma models in fourdimensional spacetime, taking quotient of the SUSY QCD by means of gauge group involving the non-Abelian gauge group. The models are no longer toric HK manifolds, and turn out to be the cotangent bundle over the complex Grassmann manifold, T * G N,M and its generalization. The former model is the massive generalization of the massless nonlinear sigma model of Ref. 22) We obtain potential terms for this massive HK nonlinear sigma model and investigate the vacuum structure of the massive T * G N,M model in detail. We find that this model has N !/[M !(N − M )!] discrete vacua which are characterized by mutually orthogonal M -dimensional complex planes in C N . We thus can expect rich structure for wall solutions in this model. By considering SU (M ) gauge group we obtain a generalization of the the massive T * G N,M model, the massive HK nonlinear sigma model with the quaternionic line bundle over the T * G N,M as the target space. The vacua of this model is trivial so we cannot expect interesting solitons.
There exists the similar model with the same number of vacua, namely the twodimensional N = 2 SUSY (four SUSY) Grassmann G N,M sigma model with twisted mass. 34) Probably the target space of this model is obtained by truncating our model on T * G N,M to its base manifold, so they have the same numbers of vacua. If we find solitons in our model, they may also play interesting roles in this kind of two dimensional models.
The rest of this paper is organized as follows. Sec.2 gives the massive HK quotient with N = 1 superfields. The vacuum structure of the massive T * G N,M model is studied in sec.3. The massive HK quotient is described in the Wess-Zumino gauge in sec.4. Sec.5 is devoted to a generalization of the massive HK quotient by SU gauge group. Our model is given in the harmonic superspace formalism 36), 37) in sec.6. Summary and discussion are given in sec.7. 
with Λ = Λ A (x, θ,θ)T A being chiral superfields of gauge parameters. Note that this gauge symmetry is actually complexified into U (M ) C = GL(M, C) because the scalar components in Λ are complex fields.
Since we focus on the Higgs branch, we can take strong coupling limit g → ∞ and can throw away the kinetic term for gauge multiplets. The Lagrangian is given
where we have absorbed a common mass of hypermultiplets into the field Σ, denoted m a (a = 1, · · · , N − 1) as complex mass parameters and H a are diagonal traceless matrices, interpreted as the Cartan generators of SU (N ) below. The electric and magnetic Fayet-Iliopoulos (FI) parameters are denoted as c ∈ R and b ∈ C, respectively. In the limit of m a = 0 for all a, the model has a global (flavor) SU (N ) symmetry given by
with V and Σ unchanged. * * * In the presence of nonzero m a , this SU (N ) symmetry is explicitly broken down to U (1) N −1 generated by H a .
Putting Ψ = 0 in the Lagrangian (2.3), it reduces to the Kähler quotient con- 38) and hence we can expect that the whole Lagrangian is related to G N,M .
Actually for massless case, this Lagrangian reduces to the HK quotient construc-
(M = 1) with the Calabi metric. 42) Since we have introduced the mass parameter through the H a generator, we will eventually obtain the potential term which is a square of the tri-holomorphic
Killing vector corresponding to linear combination of H a , after eliminating the vector multiplet.
Next, we eliminate the auxiliary superfields V and Σ in the superfield formalism.
Their equations of motion read from Eq.(2.3):
Σ, but this is not consistent with N = 2 SUSY. † Here we take δX ≡ e −V δe V as infinitesimal parameter of variation. Then, equations
Multiplying Eq. (2.5) by Φ † Φe V from the left, one finds
From the above equation, V can be easily solved 
where we have used the formula tr log AB = tr log A+ tr log B for any square matri- 
Fixing this complexified U (M ) gauge symmetry and solving constraint (2.6),
we obtain the Lagrangian of the nonlinear sigma model in terms of independent superfields. To this end we should consider two cases i) b = 0 and ii) b = 0 separately.
Note that the physics does not depend on the choice since two cases are transformed to each other by SU (2) R transformation. Although this transformation does not keep the holomorphy, these two cases merely make different complex structures manifest.
i) b = 0. In this case, a gauge can be fixed as 
(2.14)
ii) b = 0. In this case, we can take a gauge as 22) respectively. In this case, the superpotential is given by
We can find the bundle structure of the manifold as follows: i) b = 0. Putting ψ = 0, the Kähler potential becomes 17) which is the one of the Grassmann manifold. Therefore ϕ parameterize the base Grassmann manifold, whereas ψ the cotangent space as the fiber, 22) with the total space being the cotangent bundle over the Grassmann manifold
In the case of T * CP N −1 of M = 1, the base manifold is embedded by ϕ = ψ † . 40) † † † † This embedding ϕ = ψ † should hold for a matrix of general M , although we have not proved it yet.
The tri-holomorphic isometry group of this manifold is G = SU (N ), whereas the
In each case of b = 0 or b = 0, the action of g ∈ SU (N ) is found as
Here, h(ϕ, ψ) = e −iΛ(ϕ,ψ) is an induced gauge transformation called a compensator.
This is needed to put gΦ and Ψ g −1 back into the gauge slice, because they are not in general in the gauge fixing condition (2.13) or (2.15) . This makes the (base) manifold a coset space G/H. Under the global SU (N ) transformation, the Kähler potential receives a Kähler transformation 19) whereas the Kähler metric is invariant. The tri-holomorphic Killing vectors for the isometry SU (N ) can be calculated from infinitesimal transformations of (2.18).
We make some more comments here. A nontrivial model in the lowest dimensions other than T * CP N −1 is the case of 
The superpotential given in (2.14) becomes
We take H a (a = 1, · · · , N − 1) as
where −a is the (a + 1)-th component, with a normalization given by the trace tr (H a H b ) = δ ab . Then the superpotential can be calculated as
Therefore the derivatives of W with respect to fields are
These vanish only at the origin ϕ = ψ T = 0, provided M a = 0. This is the only one vacuum in the regular region of these coordinates because the metric is regular there.
This model, however, contains more vacua, because the whole manifold is covered by the several coordinate patches and a vacuum exists at the origin in each coordinate patch. To see this we concentrate on the base CP N −1 for a while. We consider the fields before the gauge fixing,
called the homogeneous coordinates, in which we need an identification by the gauge transformation φ A ∼ e iΛ φ A . In the region φ 1 = 0 we can take a patch
, which was used in Eq. (2.13). Here let us write these coordinates
In the same way, in the region of φ A = 0, we can take the A-th patch defined by
We thus have N sets of patches {ϕ i (A) } enough to cover the whole base manifold. Corresponding to each patch for the base space, we manifestly have an associated patch for the fiber tangent space {ψ i (A) } from Eq. (2.13). These sets of coordinates {ϕ i (A) , ψ i (A) } are enough to cover the whole T * CP N −1 . For each patch, the origin
Therefore the number of discrete vacua for the massive T * CP N −1 model is N , which was firstly found in. 27) To discuss solitons like BPS walls, their junction and lumps, it may be better to consider the problem in one coordinate patch. The other vacua appear in one patch as the coordinate singularities of the metric in infinities of the coordinates rather than the stationary points of the superpotential. 45) To see this, we consider only the base CP N −1 once again. We discuss how the A-th vacuum (A = 1) in the origin of the A-th coordinate patch is mapped in the first patch. The A-th vacuum is represented by ϕ i (A) = 0 or φ B /φ A = 0 for all B( = A). In the first coordinate patch, this point is mapped into an infinite point represented by
which looks like a runaway vacuum in this patch. Hence, the origin and N − 1 infinities are vacua in each coordinate patch. 45) As a summary, if we include runaway vacua, one patch is enough to describe soliton solutions. ‡ However note that the terminology "runaway" is just a coordinate-dependent concept, because a runaway vacuum in one coordinate patch is a true vacuum in the other coordinate patch.
We can also discuss the vacua without referring to the local coordinate patches.
We concentrate on the base CP N −1 once again. A point in the CP N −1 corresponds to a complex line through the origin in C N with homogeneous coordinates φ A , because of the gauge transformation φ A ∼ e iΛ φ A as an equivalence relation. The first ‡ The domain wall solution connects the origin and the infinity in this parameterization for the
, namely φ i+1 = 0. Therefore the first vacuum corresponds to the φ 1 -axis. In the same way, the A-th vacuum corresponds to the φ A -axis. Each vacuum is simply expressed by each orthogonal axis in C N . Note that each axis is invariant under U (1) N −1 transformation of H a so that it is a fixed point of this transformation.
If we take N orthogonal normalized basis e A [with (e A ) * · e B = δ AB ] whose components are given by . Also, in the coordinate independent way, these two vacua correspond to the φ 1 and φ 2 axes spanned by e 1 and e 2 , respectively.
Before closing this subsection, we discuss the case of b = 0. The superpotential (2.16) can be calculated, to give Corresponding to two gauge fixing conditions, we have two coordinates z and w, covering with M a defined in (3.3). The derivatives of W are given in Eq. (2.14) can be calculated as
where we have set m 0 ≡ 0. For the case of M = 1 (α = 1), this reduces to Eq. (3.3)
for T * CP N −1 . From the superpotential (3.10), its derivatives with respect to the fields are
Therefore the origin of these coordinates, ϕ = ψ T = 0, is a vacuum, provided which are the origins of (3.13) respectively, with Ψ = 0. A set of two column vectors in each matrix in Eq. (3.14) is a set of orthogonal basis e i chosen from the four basis.
In the case of b = 0, the superpotential (2.16) is 15) where the last equality holds because H a are diagonal. Similarly to the T * CP N −1 case, the origin ϕ = ψ T = 0 of each patch is a vacuum and we cannot have any other vacua. §4. Massive HK quotient in the Wess-Zumino gauge
In the previous sections, we eliminated N = 2 vector multiplets (as auxiliary superfields) without taking the Wess-Zumino gauge. In this section, we take the Wess-Zumino gauge, derive the bosonic action and investigate vacua.
Lagrangian in the Wess-Zumino gauge
It is difficult to calculate the scalar potential without taking the Wess-Zumino gauge, because the inverse metric is difficult to obtain. On the other hand, the scalar potential is directly obtained although the Kähler potential and the superpotential cannot be calculated easily in the Wess-Zumino gauge. We calculate the scalar potential in this subsection. We use the same characters for the lowest components as the corresponding superfields.
In the Wess-Zumino gauge, the bosonic action of (2.3) is given by
in which each term is given by
respectively, where we have defined A
The equation of motion for gauge field v µ without the kinetic term in (4.1) read
Here { , } is an anti-commutator. This can be solved by expanding fields valued in the Lie algebra in terms of M × M matrix T A of the fundamental representation of
Then we can express the gauge fields v µ in terms of the dynamical scalar fields solving the equation of motion (4.5) as
If we eliminate the gauge field by this algebraic equation of motion, we obtain the kinetic term for hypermultiplets as
If we integrate the Lagrange multiplier fields D and F Σ in (4.3), we obtain real three constraints
The left hand sides constitute the triplet of the moment map (Killing potential) for the U (M ) gauge symmetry. These values are fixed to the FI parameters, and the hyper-Kähler quotient is obtained together with the U (M ) quotient (4.7).
The Lagrangian (4.4) gives algebraic equations of motion for the auxiliary fields
After eliminating the auxiliary fields F Φ , F Ψ by these algebraic equations of motion (4.10), we obtain the potential term V in Eq.(4.4) as
To eliminate Σ, we define
Since the equation of motion of Σ is purely algebraic, we can eliminate it as
After eliminating the auxiliary fields Σ in the N = 2 vector multiplet (V, Σ) by its algebraic equation of motion, we obtain the potential in terms of dynamical scalar fields
(4.14)
Vacua in the massive T * CP N −1 model
We first focus on the vacua of T * CP N −1 model (the M =1 case). Now we are interested in the SUSY vacua. SUSY vacua are given by vanishing auxiliary fields 16) and the constraints and b = 0, we obtain Φ i = √ be iθ , Ψ i = √ be −iθ with an arbitrary phase θ. We thus have found N discrete vacua. ‡ ‡ This assumption is the same with Ma = 0 which was assumed in the discussion of the vacua in the subsection 3.1. Indeed,mi =mj for any combination of i and j (i = j) is equivalent to Ma = 0 for all a in all patches. Ifmi =mj holds for a pair i and j, there is a patch where Ma = 0 for one a. The vacuum is then not localized at the origin in the patch and continuous vacua appear.
Therefore, the discussion in the subsection 3.1 no longer holds. For instance, in the N = 3 case, one can find Ma =m3 −ma in the patch such as Φ t = (ϕ, 1) t and Ψ = (ψ, −ψϕ) instead of (2.13). It is easily seen that M2 = 0 ifm2 =m3 while M1 = 0.
Vacua in the massive T * G N,M model
The analysis of vacua for the massive T * CP N −1 model in the last subsection can be generalized to the case of the massive T * G N,M model. Vacuum conditions in this case are given by
and the constraints 
We do not have any FI parameters because of the absence of any U (1) gauge symmetry. The SU (M ) gauge transformation is given by the same way as in the U (M ) case and it is complexified to SU (M ) C = SL(M, C). This model has an additional
which was gauged in U (M ) case. In the massless limit of m a = 0, the total flavor
In the presence of the mass term, this U (N )
is explicitly broken down into U (1) N .
We eliminate all auxiliary superfields in the superfield formalism. Equations of
respectively. These equations imply
respectively, with C(x, θ,θ) and B(x, θ,θ) being vector and chiral superfields in the
The gauge field V can be solved in terms of the dynamical fields from Eq. (5.5)
Since the equation det e V = 1 holds, we get the equation
which enables us to express C in terms of dynamical fields implicitly:
On the other hand, Eq. (5.6) implies
Substituting the solution (5.7) back into the Lagrangian (5.1), we obtain the Kähler potential
10)
x Here we take the Maurer-Cartan 1-form δX = δX A TA ≡ e −V δe V as an infinitesimal parameter of variation as in Let us fix the complex gauge symmetry SU (M ) C = SL(M, C) to express the Lagrangian in terms of independent superfields. We can take the similar gauge as We can consider σ and ρ independent fields among the three fields σ, ρ and B.
Substituting Eq. (5.12) into the Kähler potential (5.10), we obtain the Kähler potential in terms of independent fields ϕ, ψ, ρ, σ and their conjugates. The superpotential also can be calculated as 
The equations of motion for V , Σ, B and C read where an additional superfield σ relative to G N,M appeared and was identified with the fiber of a complex line. Returning to N = 2, we obtain the total manifold as the cotangent bundle over the complex line bundle on G N,M , where ρ (ψ) serves as the cotangent fiber over σ (ϕ). We thus have found that the total space has two equivalent bundle structures. We may need to transform σ and ρ to some fields σ ′ and ρ ′ to avoid coordinate singularities as the four SUSY case. 44) Other gauge groups: SO and Sp 
Vacua of SU gauge theories
We look for the vacua of the HK sigma model by the SU gauge group. The superpotential (5.13) of this model can be rewritten as Massive nonlinear sigma models with toric HK manifolds, like the Taub-NUT 48) metric and the Eguchi-Hanson metric, were also studied. 
where the coordinates u +i , u −i , u +i u − i = 1, i = 1, 2 are the SU (2) R /U (1) r harmonic variables. Here U (1) r is a diagonal subgroup of SU (2) R . The U (M ) gauge transformation for the hypermultiplet is given by is the combination of the complex conjugation (denoted by bar "−") and the star conjugation. 11), 37) The action of the tilde "∼" conjugate on ζ A is defined as
Vector multiplet superfield transforms under the U (M ) gauge transformation as where D ++ is the covariant derivative defined by
The infinitesimal forms of (6.2) and (6.4) are
The action of the massive T * G N,M model is invariant under these transformations and is described as
where dζ We have absorbed a common mass of hypermultiplets by a shift of the analytic superfield V ++ . In the limit of m A = 0, the action (6.8) becomes massless T * G N,M model whose isometry is SU (N ). The mass term explicitly breaks SU (N ) down into U (1) N −1 . This feature is identical to the case of the N = 1 formalism.
Next we consider the model with SU (M ) gauge symmetry. This quotient action can be easily obtained by restricting the gauge symmetry U (M ) to SU (M ) in the action (6.8) . In this case, the FI term does not exist since the theory no longer has U (1) gauge symmetry. The action is described by We can obtain the nonlinear sigma model action in terms of the independent harmonic superfields by fixing the gauge symmetry and solving the constraint similarly to the N = 1 formulation. Resulting action can be described by the independent analytic superfields of hypermultiplets. However, it is often difficult to decompose the action in terms of independent superfields into a component action since kinematical part of the equations of motion which is necessary to obtain the component action is difficult to solve. Instead, we can easily solve the kinematical part of the equations of motion when we take the Wess-Zumino gauge and can obtain the explicit form of the component action. This gauge is particularly convenient to understand the vacua of theories in the HSF.
Scalar potential in the Wess-Zumino gauge
We focus on the U (M ) case. In the following, we write the mass matrix as
A=1m A H A ≡¯ m. The action can be rewritten as
where we used q + = −q + and the definition of the covariant derivative including the mass term
Equations of motion are
0 =q
where (6.12) includes kinematical and dynamical parts of equations of motion and (6.13) is a constraint. In the HK sigma model, we are only interested in the bosonic components. To obtain the bosonic components Lagrangian, we have to solve the kinematical part of the equations of motion to eliminate the infinite set of auxiliary fields. To solve the kinematical part, we substitute the Grassmann expansion of the analytic superfields into the above equations. In the Wess-Zumino gauge, the bosonic components in the Grassmann expansion of the analytic superfields q +aα and V ++ are given by 15) where each component in V ++ is Lie-algebra valued field, for example
Note that components in V ++ do not depend on the harmonic variables whereas components in q + include the harmonic variables. Substituting them into (6.12), we obtain the following kinematical part of equations of
The equations (6.16)-(6.19) can be easily solved as
Note that the Lagrange multipliers V µ and M v are left though infinite set of auxiliary fields are eliminated.
At this stage, we can write down the component action. Substituting the Grassmann expansions (6.14) and (6.15) into the action (6.10), using the equations of motion (6.16)-(6.19) and integrating the Grassmann variable, the action (6.10) can be described by The harmonic variables can be integrated easily by using the following formula The action after u-integration is configuration of a string ending on a wall as was found in 31) for T * CP 1 , and so on.
Reducing the T * CP N −1 model to three-dimensional space-time, an interesting mirror symmetry has been found. 50) Non-Abelian generalization of this mirror symmetry using our massive T * G N,M model would be an interesting task.
Coupling the model to supergravity is possible and the target manifold becomes the quaternionic generalization of T * G N,M . Moreover, our model can be promoted to a five dimensional supergravity along the line of the discussion in. 12), 13) It is interesting for the brane world scenario.
